Using δ-invariants and Newton-Okounkov bodies, we derive the optimal volume upper bound for Kähler manifolds with positive Ricci curvature, from which we get a new characterization of the complex projective space.
This result gives a new characterization of the complex projective space in terms of the Ricci curvature and volume, and extends the previous works of Berman-Berndtsson [1] , F. Wang [30] and K. Fujita [13] (see also Y. Liu [24] ) to general Kähler classes. As we shall see, while the statement of Theorem 1.1 is differential geometric, its proof turns out to be rather algebraic.
Indeed, Kähler manifolds with positive Ricci curvature are automatically Fano. These are simply connected projective manifolds with many additional algebraic properties. So in what follows, unless otherwise specified, we will always assume that X is an n-dimensional Fano manifold. Note that the Picard group Pic(X) ∼ = H 2 (X, Z) is a finitely generated torsion free Abelian group, hence a lattice. So the isomorphism classes of line bundles on X are in one-to-one correspondence with the lattice points of H 2 (X, Z). Also note that the Kähler cone K(X) of X coincides with its ample cone, as H 2 (X, R) = H 1,1 (X, R) by Kodaira vanishing and Hodge decomposition. So any Kähler class in K(X) can be approximated by a sequence of rational classes (corresponding to ample Q-line bundles).
Based on this, instead of using traditional Riemannian geometry, we will prove Theorem 1.1 from an algebraic viewpoint, which requires several new tools that have been developed in the K-stability theory. First of all, we will reformulate the curvature condition in terms of Tian's greatest Ricci lower bound, which in turn can be related to the algebraic δ-invariant thanks to the recent result [9, Theorem 5.7] proved by the author in the appendix of his joint work with Cheltsov-Rubinstein and also its generalization given by Berman-Boucksom-Jonsson [3, Theorem C] . Then by modifying the argument of K. Fujita [13] , we get the desired volume upper bound for Kähler classes. The essential difficulty of Theorem 1.1 lies in the characterization of the equality. For this, we will compute the anti-canonical Seshadri constant as in [13] . However, when dealing with general Kähler classes, the irrationality causes some subtle issue. To overcome this, we need some key observations from convex geometry. In particular, Newton-Okounkov bodies and the positivity criterion of Küronya-Lozovanu [18] will be crucially used in the proof of Theorem 1.1.
Apart from the volume upper bound, quantitative volume rigidity is also an important property in geometry. Recall that, the classical sphere gap theorem in Riemannian geometry says the following:
So it is satisfying to have the following Kählerian analogue, which was stated as a conjecture in an earlier version of this paper. The proof is due to Yuchen Liu (in the toric setting, this was also obtained by F. Wang [30] using combinatoric methods). Theorem 1.3. There exists ε(n) > 0, such that if (X, ω) is an n-dimensional Kähler manifold with Ric (ω) ≥ (n + 1)ω and X ω n ≥ (2π) n − ε(n), then X is biholomorphic to P n .
The rest of this paper is organized as follows. In Section 2 we review some necessary notions and tools from the literature. In Section 3 we prove Theorem 1.1 by assuming that [ω] is (a multiple of) a rational class. In Section 4, we prove Theorem 1.1 in full generality. In the appendix provided by Y. Liu, Theorem 1.3 is proved. Remark 1.4. After completing the first draft of this paper, the author was kindly informed by Feng Wang that he had also independently obtained the inequality in Theorem 1.1 by adapting the argument of [13] to a sequence of conic KE metrics. and Chuyu Zhou for many helpful discussions. He is also grateful to Yuchen Liu for providing the proof of Theorem 1.3. Thanks also go to Xiaohua Zhu and Yanir Rubinstein for valuable comments. The author is supported by the China postdoctoral grant BX20190014.
Preliminaries
In this section X is assumed to be an n-dimensional Fano manifold.
The volume function on the Névon-Severi space.
Note that, H 1,1 (X, R) can be identified with the Névon-Severi space N 1 (X) R , which consists of numerical equivalence classes of R-divisors on X. One can define a continuous volume function Vol(·) on N 1 (X) R . When restricted to the Kähler cone K(X) (i.e., the ample cone), Vol(·) is the usual volume for Kähler classes (which will be treated as ample R-divisors in what follows).
Also recall that, a class ξ ∈ N 1 (X) R is called nef if for every curve C on X ξ · C ≥ 0.
For nef classes ξ, Vol(ξ) is simply equal to the top self-intersection number ξ n .
For more details on this subject, we refer the reader to the standard reference [19] .
The greatest Ricci lower bound.
Let K(X) denote the Kähler cone of X. For any Kähler class ξ ∈ K(X), one can naturally define its greatest Ricci lower bound β(X, ξ) to be 1
Note that, by the Calabi-Yau theorem, given any Kähler form α ∈ 2πc 1 (X), one can always find ω ∈ 2πξ such that Ric (ω) = α > 0. By compactness of X we see Ric (ω) ≥ ω for some > 0. So β(X, ξ) is always a positive number. On the other hand, β(X, ξ) is naturally bounded from above by the Seshadri constant
Thus we always have
When ξ = c 1 (L) for some ample Q-line bundle L, we will write β(X, L) := β(X, c 1 (L))
for ease of notation.
Remark 2.1. When ξ = 2πc 1 (X), the greatest Ricci lower bound was first studied by Tian [29] , although it was not explicitly defined there. It was first explicitly defined by Rubinstein in [25, 26] , and was later further studied by Székelyhidi [28] , Li [21] , Song-Wang [27] , Cable [6] , et al.
The δ-invariant.
Let L be an ample Q-line bundle on X. Following [14, 4] , the δ-invariant of L is defined by
Here Val X denotes the space of valuations over X, A X (v) denotes the log discrepancy of v, and
denotes the expected vanishing order of L with respect to v. Note that δ-invariant is also called stability threshold in the literature, which plays important roles in the study of K-stability and has attracted intensive research attentions. When L = −K X , it was proved by the author in the appendix of his joint work with Cheltsov-Rubinstein [9] that
For arbitrary ample Q-line bundles, we have the following generalization, which is essentially contained in the recent work of Berman-Boucksom-Jonsson [3] , giving a geometric interpretation of δ-invariants on Fano manifolds. Proof. For any smooth semi-positive (1, 1)-form θ on X, θ-twisted β-, -and δinvariants were introduced in [3] (in fact they allow θ to be currents, but we do not need this here). More precisely, put
It follows clearly from the definition that
Moreover, as θ is smooth, one has [3, Example 3.2]
δ(X, L) = δ θ (X, L).
Now using [3, Theorem C]
β θ (X, L) = min{ θ (X, L), δ θ (X, L)} for any smooth θ,
we obtain that β(X, L) = sup θ min{ θ (X, L), δ(X, L)}.
Using the fact θ (X, L) ≤ (X, L), we finish the proof.
2.4. Newton-Okounkov bodies and positivity of R-line bundles.
Let Y be an n-dimensional projective manifold. Choose an admissible flag of subvarieties
such that each Y i is an irreducible subvariety of codimension i and smooth at the point Y n . Then any big class ξ ∈ N 1 (Y ) R can be associated with a convex body ∆ Y• (ξ) in (R ≥0 ) n , which is called the Newton-Okounkov body of ξ with respect to the flag Y • . This generalizes the classical polytope construction for divisors on toric varieties. A crucial fact is that
In this way one can study the volume function Vol(·) on N 1 (Y ) R using convex geometry. For more details of this construction we refer the reader to [20] . It turns out that Newton-Okounkov bodies can also help us visualize the positivity of R-line bundles. More precisely, for any big R-divisor D, one can define its restricted base loci by
where the union is over all ample Q-divisors A on Y and B(·) denotes the stable base loci (cf. [12] ). Then B − (D) captures the non-nef locus of D (see [12, Example 1.18] ). Indeed, suppose that there exists some curve C intersecting negatively with D, then by adding a small amount of ample Q-divisor A, one still has
The recent result of Küronya-Lozovanu [18, Theorem A] says that one can characterize the restricted base loci using Newton-Okounkov bodies. 18]). Let D be a big R-divisor. Then the following are equivalent.
Let us also record the following useful translation property of Newton-Okounkov bodies. 
where τ (ξ, F ) := sup{µ > 0|ξ − µY 1 is big} denotes the pseudo-effective threshold, ν 1 denotes the first coordinate of R n and e 1 = (1, 0, ..., 0) ∈ R n .
Rational classes
In this Section, we will verify Theorem 1.1 for rational classes. More precisely, we prove the following Theorem 3.1. Let L be an ample Q-line bundle on a Fano manifold X. Then one has β(X, L) n Vol(L) ≤ (n + 1) n , with equality if and only if X is biholomorphic to P n .
Proof. We follow the argument of K. Fujita [13] . By rescaling L, we assume 2 β(X, L) = 1.
Then Theorem 2.2 implies that δ(X, L) ≥ 1 and (X, L) ≥ 1.
Pick any point p ∈ X and letX σ − → X be the blow-up at p. Let E be the exceptional divisor of σ. Then one has
Here we used [13, Theorem 2.3(1)]. Thus Vol(L) ≤ (n + 1) n , so the desired inequality is established. Now suppose that Vol(L) = (n + 1) n . Then we see that the equality Vol(σ * L − xE) = Vol(L) − x n has to hold true for any x ∈ [0, n + 1] (as Vol(σ * L − xE) is a continuous function in x). So [13, Theorem 2.3(2)] implies that σ * L − (n + 1)E is nef. Now using (X, L) ≥ 1, we find that
is nef as well. Thus X ∼ = P n by [10, 15] .
In the above proof, we actually obtained the following general inequality (cf. Blum-Jonsson [4, Theorem D]) (3.1) δ(X, L) n Vol(L) ≤ (n + 1) n .
This inequality reveals the deep relationship between singularities and volumes of linear systems. 2 It is possible that β(X, L) is irrational before rescaling, but this will not cause issues for our argument. In fact we believe that one always has β(X, L) ∈ Q.
Remark 3.2. In the toric case when L = −K X , the inequality in Theorem 3.1 was first obtained by Berman-Berndtsson [1] using analytic methods, and the equality case was characterized by F. Wang [30] .
General Kähler classes
Let us attend to general Kähler classes. The main result of this section is the following. 
However this bound is much worse than (n + 1) n (especially when n is large).
The proof of Theorem 4.1 will be divided into several steps. We first show the inequality by approximation and then characterize the equality using Newton-Okounkov bodies. We begin with a simple observation. Proof. Let {e 1 , ..., e ρ } be a basis of H 1,1 (X, R), then any Kähler class ξ ∈ K(X) can be written as
a i e i for some a i ∈ R. For each i ∈ {1, ..., ρ} choose a smooth real (1, 1)-form η i ∈ e i . Now assume that there exists ω ∈ 2πξ such that Ric (ω) > µω for some µ > 0. For any = ( 1 , ..., ρ ) ∈ R ρ with || || 1, we put
Then for || || 1 one also has Ric (ω ) > µω .
So the lower semi-continuity of β(X, ·) follows.
As a consequence we get the following volume upper bound for general Kähler classes in terms of its greatest Ricci lower bound. β(X, ξ) n Vol(ξ) ≤ (n + 1) n .
Proof. Choose a sequence of ample Q-line bundles L i such that
So for any > 0 and i 1, one has
Thus Theorem 3.1 implies that
Using the continuity Vol(L i ) → Vol(ξ) and sending → 0, we get β(X, ξ) n Vol(ξ) ≤ (n + 1) n .
Therefore, to finish the proof of Theorem 4.1, it remains to show that the equality of (4.1) is exactly obtained by P n . Let us prepare the following lemma. (1) For any x ∈ R ≥0 , one has
(2) Suppose in addition that X is Fano and that ξ satisfies β(X, ξ) n Vol(ξ) = (n + 1) n , then for any x ∈ [0, Vol(ξ) 1/n ],
Proof. This first part follows from [13, Theorem 2.3(1)] by approximation. Indeed, let L i be a sequence of ample Q-line bundles such that L i → ξ in N 1 (X) R . Then for any x ∈ R ≥0 , [13, Theorem 2.3(1)] says that
so the assertion follows by the continuity of Vol(·).
For the second part, we rescale ξ such that β(X, ξ) = 1 and Vol(ξ) = (n + 1) n .
Let L i be a sequence of ample Q-line bundles such that L i → ξ in N 1 (X) R . For any > 0 and i 1, Theorem 2.2 and Lemma 4.3 implies that
Letting i → ∞, by dominated convergence theorem and by sending → 0, we get
so that (recall Vol(ξ) = (n + 1) n ) n ≥ 1 Vol(ξ)
This gives Vol(σ * ξ − xE) = Vol(ξ) − x n for x ∈ [0, Vol(ξ) 1/n ] as claimed.
As we have seen in the proof of Theorem 3.1, K. Fujita [13, Theorem 2.3(2)] says that, for ample Q-line bundles, the condition
implies that σ * L − xE is nef for x ∈ [0, a], whose proof however heavily relies on the rationality of L and the ampleness criterion of [11] . To prove the same assertion for general ample R-line bundles, there is some subtlety involved if we follow Fujita's original argument. To overcome this, we take an alternative approach, using Newton-Okounkov bodies. Then σ * ξ − xE is nef for any x ∈ [0, a].
Proof. First of all, there exists some > 0 such that σ * ξ−xE is nef for any x ∈ [0, ]. Indeed, as an ample R-divisor, we may write ξ as ξ = r i=1 a i A i , where, for each i, a i > 0 and A i is an ample divisor on X. Let
denote the Seshadri constant of each A i at p (where the inf is over all the curves passing through p). Then i > 0 by the ampleness of A i and we can take
to fulfill our purpose. Now we argue by contradiction. Suppose that σ * ξ − x 0 E is not nef for some x 0 ∈ ( , a). Then there exists some curve C intersecting σ * ξ − x 0 E negatively. Note that such C necessarily intersects E by projection formula. Thus the restricted base loci B − (σ * ξ − x 0 E) intersect E as well. So we can pick a point Intuitively, one has the following picture. Thus we have generalized all the ingredients in the proof of Theorem 3.1 to ample R-line bundles. So Theorem 4.1 is proved.
Finally, we are able to prove the main result of this paper. In this appendix, we will prove Theorem 1.3 which is a direct consequence of the following theorem.
Theorem A.1. Let X be an n-dimensional Fano manifold. Let ξ ∈ N 1 (X) R be an ample R-line bundle. Then there exists ε = ε(n) > 0 such that if β(X, ξ) n · Vol(X, ξ) ≥ (n + 1) n − ε, then X is biholomorphic to P n .
Lemma A.2. Let X be a Fano manifold. Let {L i } be a sequence of ample Qline bundles on X. If (X, L i ) has a positive lower bound, then {L i } is a bounded sequence in N 1 (X) R .
Proof. Choose a basis {[C 1 ], [C 2 ], · · · , [C ρ ]} of N 1 (X) R where ρ is the Picard rank of X and each C j is an irreducible curve on X. Let || · || be the norm on N 1 (X) R as the maximum norm with respect to the basis {[C j ]}. We also denote its dual norm on N 1 (X) R by || · || as abuse of notation. Choose a > 0 such that (X, L i ) ≥ a > 0 for any i. Then −K X − aL i is nef which implies
for any i and j. Hence we know that
Thus the proof is finished.
Proof of Theorem A.1. Assume to the contrary that (X i , ξ i ) is a sequence of Fano manifolds not biholomorphic to P n with ample R-line bundles, such that lim i→∞ β(X i , ξ i ) n · Vol(X i , ξ i ) = (n + 1) n .
Since β(X, ·) is a lower semi-continuous function, after perturbing ξ i to ample Q-line bundles L i , we may assume that lim i→∞ β(X i , L i ) n · Vol(X i , L i ) = (n + 1) n .
By boundedness of Fano manifolds [7, 17] , after passing to a subsequence we may assume that there exists a smooth Fano family π : X → T over an irreducible smooth base T and a sequence of closed points {t i } ⊂ T such that X i ∼ = X ti . By Lefschetz (1, 1) theorem and Kodaira vanishing theorem we know that Pic(X) ∼ = H 2 (X, Z) for a Fano manifold X. Hence after replacing T by an irreducible component of its étale cover, we may assume that R 2 π * Z is a trivial local system on T . Then L i extends to a Q-line bundle L i on X that is generically π-ample. Let t ∈ T be a very general closed point. By the lower semi-continuity of δinvariants [5] (with respect to the Zariski topology) and the genericity of ampleness, we know that δ(X t , L i,t ) ≥ δ(X i , L i ) and (X t , L i,t ) ≥ (X i , L i ).
Therefore, we have β(X t , L i,t ) ≥ β(X i , L i ) and hence lim i→∞ β(X t , L i,t ) n · Vol(X t , L i,t ) ≥ (n + 1) n .
We may rescale L i such that lim i→∞ Vol(X t , L i,t ) = (n + 1) n .
Clearly this together with (3.1) implies that lim i→∞ δ(X t , L i,t ) = 1 and lim inf i→∞ (X t , L i,t ) ≥ 1.
Hence by Lemma A.2 we know that {L i,t } is a bounded sequence of N 1 (X t ) R , which (after passing to a subsequence) converges to ξ ∞ ∈ N 1 (X t ) R . Then ξ ∞ is a nef and big R-divisor with Vol(X t , ξ ∞ ) = (n + 1) n . Pick a point p ∈ X t such that ξ ∞ has positive Seshadri constant at p, then the proofs of Lemma 4.5 and Proposition 4.6 proceed to show that σ * ξ ∞ − (n + 1)E is nef and hence X t ∼ = P n . Then X i ∼ = P n by rigidity of P n under smooth deformation [16, Exercise V.1.11.12.2], which is a contradiction.
